A well-known result of Henry Helson is used to prove that a locally compact abelian group is finite if and only if the Fourier transform is a surjective map.
Let G be a locally compact abelian group (LCAG) with dual group G (see [3] for definitions and basic facts). It has been proved by Segal in [4] and Rajagopalan in [2] that the Fourier transform T:Ll(G)->Co(G) is onto if and only if G is finite. Segal's proof appeals to the principal structure theorem for a LCAG and involves proving the result for groups with special properties and then for their Cartesian products, whereas Rajagopalan uses a theorem of Kakutani and Birkhoff to show that if G is extremally disconnected, then G must be discrete.
In this note, we provide a short proof using a well-known result about Helson sets. Proof. Assume T is onto. Let M be a compact subset of G with positive Haar measure and let g be a continuous function on M. Using the Tietze Extension Theorem, we may conclude that g is the restriction of a Fourier transform. Since M has positive measure, the lemma implies that the G must be discrete and therefore G is compact. Now T being an onto topological map (open mapping), the adjoint maps Ll(G) onto LK(G), which contains C(G) = C0(G). But the adjoint is precisely the inverse Fourier transform, which maps into C0(G). Hence L°°(G) = Co(G) and therefore the inverse transform is onto. The same reasoning as earlier shows that G must also be discrete and thus finite.
The converse is obvious.
